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Abstract
In the series Basic Concepts in Social Sciences a list of 79 concepts was given. The
last part of that list consisted of 10 concepts concerning measures. Verbal definitions
of these measures were considered as a preparation of mathematical definitions. In
this paper these mathematical definitions will be discussed.
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1 Introduction
The reader is referred to three papers of the author on basic concepts in social sciences for
terminology and a set of 79 basic concepts,[5],[6] and [7]. The main goal is to develop a
mathematical theory that can cover social sciences in terms of these basic concepts. For
many concepts mathematical descriptions in terms of social atoms were given. However, for
the concepts 70 to 79 only verbal definitions, as occurring in the literature or in dictionaries,
were discussed. In [7] a discussion was given, in Section 5, of the following measures.
• a. Centrality*
• b. Complexity*
• c. Concentration
• d. Conformity
• e. Democracy
• f. Density*
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• g. Differentiation
• h. Diversity
• i. Heterogeneity*
• j. Inequality*
• k. Integration*
• l. Mobility*
• m. Similarity*
• n. Stratification
The measures carrying an asterisk were taken up in the list of basic concepts with a
prominent position of Inequality and Similarity. The other measures were argued, in [7],
to be less important or less basic. The argumentation was given in the context of social
sciences in general. The concept of democracy e.g. was dropped as too domain-specific,
the domain being political science.
Before discussing, in the next section, the concepts of inequality and similarity we give
a short discussion of the other measures.
a. Centrality
Centrality measures are extensively discussed in the user’s manual of GRADAP (GRAph
Definition and Analysis Package) [2]. This package gives software for analysis of social
networks. Centrality is the theme of Chapter 14. The networks are graphs, labeled or
unlabeled on the edges or arcs. A variety of measures is discussed. In all of them the
degree or out-degree of the vertices, representing actors, is the basis for the measures. The
labels may come into the measures as weights, e.g. expressing the ”strength” of an arc
from one actor to another, in case the arc models an influence from one actor on another.
If d = (d1, d2, ..., dn) denotes the vector of outdegrees of the n actors modeled by the
network, a simple measure for the concept of status would be
s = d,
where s = (s1, s2, ..., sn) denotes the vector of status values. More complicated expressions
for s in terms of d and the labels of the arcs of the social network can be given. Actors can
be said to have high status if they influence many other actors, directly or indirectly. If W
is an nxn-matrix with elements Wij denoting the weight of arc (i,j) then d can be defined
by di =
∑n
j=1 Wij. The inclusion of indirect influences can then be done by
s = [I −W ]−1d,
where I is the nxn unit matrix, see [2] and [4].
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b. Complexity
In [7] it was argued that the definition of Blau [1] posed some problems. Essentially
his definition refers to the number of positions. In the theory of social atoms this number
is the number of roles, that may be distinguished in a figuration. Any other aspect, as
included by Blau, like distribution of people over positions, does not essentially determine
the complexity.
An actor, a vertex in a social network, is connected to other vertices in the network by types
of links. As far as these are outgoing causal arcs they determine his function [7]. In an
organization different functions can be distinguished. An organization with few functions
cannot be said to be complex, neither does the distribution of people over functions play an
essential role. We therefore define the complexity of a figuration as the number of different
functions that can be distinguished in the figuration.
f. Density
We recall from [7], that a social network implies a graph structure (V,L). The density
d(G) of a graph is the number | L | of present links divided by the maximum number of
links possible. If L is the set E of edges, and n =| V | is the number of actors, then
(
n
2
)
is
the maximum. If L is the set A of arcs, then 2.
(
n
2
)
is the maximum. So either
d(G) =
2 | E |
n(n− 1)
or
d(G) =
| A |
n(n− 1)
.
i. Heterogeneity
We take over Blau’s definition [1]: The heterogeneity HET(P) of a set P of actors is the
probability that two randomly chosen actors do not belong to the same group.
This definition assumes that a differentiation of the whole population P into groups has
been defined. In case P is just one group HET(P) = 0. In case P consists of | P | groups
of size 1 then HET(P) = 1. Of course, homogeneity can be defined as
HOM(P ) = 1−HET (P ).
k. Integration
In a study of processes, by means of knowledge graphs, Hoede and Weening [8], found
that in the taxonomy of processes integration had a top position. The main subprocesses
leading to integration are adaptation and assimilation. The first mainly concerns achieving
similarity of issues and valuations on issues, by taking over customs and norms. The second
process mainly concerns the way a subgroup G of the population achieves a distribution
of functions similar to that in the whole population P. If a certain percentage of P has the
function of teacher, the subgroup G may be said to have assimilated completely on that
point if the same percentage of G has the function of teacher. In both cases the concept
3
of similarity stands at the basis of a measure for adaptation and assimilation.
A measure for integration likewise should be based on similarity. The similarity of G and
P is essentially a similarity of distributions of features. With respect to these features
many choices can be made. Blau [1] mainly considers structural aspects of integration, like
”intergroup associations”. Similarity of norms, for example, seems an aspect that certainly
is at least as important. We will not discuss the interesting concept of integration further
here, as the subject is very large, and only pose that similarity is indeed, like inequality,
the basis for measure definitions.
l. Mobility
Mobility is a measure for migration. In the context of social sciences the measure should
express the extent of change of participation, see [7]. A standard example is job rotation.
An actor can have a job or be unemployed. State transitions can be: from job to job, from
job to unemployment and from unemployment to job. All three types of transition can be
considered to be an instantiation of mobile behaviour. The measure could be chosen to be
the number of transitions per unit of time, or this number relative to the number of actors
in the considered population.
2 Inequality
Inequality can be defined as ”want of equality in magnitude, quality, rank, etc.”. This
definition hints at the main difficulty. The inequality concept can be considered in different
settings.
2.1 Inequality on the micro-level
For the list of basic concepts, given in [7], there are several instances where the concept of
inequality makes sense and a measure can be asked for. Most of these instances involve
just the concept of difference. A pair of items may be different, say two social atoms or
two issues. More interesting are two issue sets Jk and Jl. These are sets without a ranking
of elements. If Jk 6= Jl, a measure for their inequality is basically a measure for their
similarity.
The simplest similarity measure for two sets A and B is:
SIM(A, B) =
| A ∩ B |
| A ∪ B |
.
If A ∩B = ∅, then SIM(A, B) = 0, whereas for A = B we have SIM(A, B) = 1. The
measure satisfies the standard requirement for measures :
0 ≤ SIM(A, B) ≤ 1.
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There are other measures for similarity. Consider the sets A - B and B - A. If one of
the two is empty and the other is not, the situation is that A ⊂ B or B ⊂ A. One might
argue that if A ⊂ B, the two sets A and B are not to be considered unequal. For example,
if B represents a set of facts and A is a subset of this set of facts and B is a ”story”, then A
can be seen as a shorter version of the same story. If both A - B and B - A are not empty
similarity may be defined as
SIM(A, B) = 1−
min(| A− B |, | B − A |)
min(| A |, | B |)
.
The measure expresses how much the shorter ”story” deviates from the main ”story”.
Here SIM(A, B) = 0 for A ∩ B = ∅ and SIM(A, B) = 1 for A ⊆ B or B ⊆ A. The
measure is used in knowledge representation theory and given here to indicate that the
choice of the similarity measure may depend on its use.
We considered sets of issues. Suppose, however, that each issue carries a ”weight”,
expressing e.g. that two actors give different valuations to the perceived state or ideal
states of the issues. The differences then come on top of the inequality of the sets. If
different elements of A and B may have different, nonnegative, weights wi, i ∈ A ∩ B ,we
may distinguish two cases:
a. The weights of elements in A ∩ B are the same for A and B. Then the similarity
measure may be given as
SIM(A, B) =
∑
i∈A∩B wi∑
i∈A∪B wi
.
If wi = 1, for all i ∈ A ∪ B, we recover the former similarity measure for two sets A
and B.
b. The weights of elements in A ∩ B are possibly different. We denote the weights
by wA,i and wB,i and put wA,i = 0 for i ∈ A − B and wB,i = 0 for i ∈ B − A. Now the
similarity measure may be given as
SIM(A, B) =
∑
i∈A∪B [max(wA,i, wB,i)− | wA,i − wB,i |]∑
i∈A∪B max(wA,i, wB,i)
.
Note that for i ∈ A−B or i ∈ B−A the numerator is zero. If wA,i = wB,i, for i ∈ A∩B,
| wA,i − wB,i |= 0 and we recover the former similarity measure.
Going further through Table VI in [7], for nr.20, tension, we encounter a difference in
valuation, the motivation for action. For nr.26, hope/fear, also such a difference is met.
Other concepts in which differences play a role are nr.42, utility of a change, and nr.43,
price of a change. These concepts are micro-concepts. However, consideration of inequality
in the literature is mainly under the assumption of a population P of p =| P | elements.
So then a measure for a macro-constellation is considered.
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2.2 Inequality at the macro-level for ungraded parameters
Suppose that there are c different categories of actors, characterized by some unordered
features f1, f2, ..., fc. Category i contains pi actors and
∑c
i=1 pi = p. We want to have
a measure for the inequality with respect to the features considered. That boils down
to considering partitions of P into c subsets. If all, but one, subsets are empty there is
obviously minimum inequality. The same holds if c = 1. If c = 2 we have p1 + p2 = p.
The number of pairs of different actors, i.e. belonging to different subsets, is p1.p2. This
number is maximally
(
p
2
)2
. It is therefore natural to consider
I(p1, p2) = 2
2.
p1.p2
p2
, p1 + p2 = p,
as a measure for inequality here. For p1 = 0, or p2 = 0, we have minimum inequality 0 and
for p1 = p2 =
p
2
we have maximum inequality 1, as p1(p − p1) has its maximum for that
value.
We might also have compared the number p1.p2 of different pairs with the number
(
p
2
)
of all pairs. That would have given the probability to choose two different elements from
the population. As we have already remarked that would have given, according to Blau’s
definition [1], the heterogeneity of P. In this case
HET (p1, p2) = 2.
p1.p2
p(p− 1)
, p1 + p2 = p.
If there are c nonempty categories, we may ask for the generalizations of these measures.
Easiest is the generalization of the heterogeneity measure HET. The number of different
pairs is
∑
i<j pi.pj. The quotient with
(
p
2
)
gives the following measure, as a probability;
HET (p1, p2, ..., pc) =
∑
i<j,1≤i,j≤c pi.pj(
p
2
) , c∑
i=1
pi = p.
If there is only one category, c = 1, the number of different pairs is 0 and so HET =
0. The population is completely homogeneous. HET = 1 for the extreme situation that
all categories contain one element, c = p, and the numerator is
∑p−1
i=1 (p − i) =
(
p
2
)
. The
population is completely heterogeneous.
The generalization of the inequality measure I allows two different reasonings. For c =
2 we considered the number of different pairs and compared not with the number of all
pairs but with the maximum of the number of different pairs. So one line of reasoning is
to take the same numerator as for the generalized heterogeneity measure, but to devide
not by
(
p
2
)
, but by the maximum value that the numerator can assume over all partitions
of P into c categories. Another line of reasoning is to consider the number of different
c-tuples, i.e. c-tuples with one element from each category and divide this number by the
maximum value attainable for it. The numerator in this case is
∏c
i=1 pi, quite different
from
∑
i<j,1≤i,j≤c pi.pj.
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In both cases the expression is maximized for the situation in which all pi are equal,
so pi =
p
c
, for all i = 1,...,c. Of course p need not always be a c-fold. But for a measure,
useful in all situations, we can choose as denominator
(
c
2
) (
p
c
)2
in the first line of reasoning
and
(
p
c
)c
in the second line of reasoning. So we may use
I(p1, p2, ..., pc) =
∑
i<j,1≤i,j≤c
pi.pj/
(
c
2
)
.
(p
c
)2
or
I(p1, p2, ..., pc) =
c∏
i=1
pi/
(p
c
)c
.
There are some remarks to be made now. First, the measures are hardly dependent on
the population size. Putting qi =
pi
p
, for i = 1,...,c, we obtain
HET (q1, q2, ..., qc) = 2.
p
p− 1
∑
i<j,1≤i,j≤c
qi.qj,
c∑
i=1
qi = 1,
for the heterogeneity measure. The factor p
p−1
is usually very close to 1. For the two
inequality measures that we introduced we obtain
I1(q1, q2, ..., qc) = 2.
c
c− 1
∑
i<j,1≤i,j≤c
qi.qj,
c∑
i=1
qi = 1,
respectively
I2(q1, q2, ..., qc) = c
c
c∏
i=1
qi,
c∑
i=1
qi = 1.
The first inequality measure closely resembles the heterogeneity measure, only having
factor c
c−1
instead of factor p
p−1
.
Example 1
We consider the two inequality measures for p = 9 and p = 13 and calculate the values
for four partitions of P, two near minimum inequality and two near maximum inequality.
We find, for c = 3 and hence 2. c
c−1
= 3 and cc = 27, the following table
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p1 p2 p3 I1 I2
p = 9 1 1 7 3. 15
81
= 0.56 27. 7
729
= 0.30
1 2 6 3.20
81
= 0.74 27. 12
729
= 0.44
2 3 4 3.26
81
= 0.96 27. 24
729
= 0.89
3 3 3 3.27
81
= 1.00 27. 27
729
= 1.00
p = 13 1 1 11 3. 23
169
= 0.41 27. 11
2197
= 0.14
1 2 10 3. 94
169
= 0.60 27. 20
2197
= 0.25
3 5 5 3. 55
169
= 0.98 27. 75
2197
= 0.92
4 4 5 3. 56
169
= 0.99 27. 80
2197
= 0.98
Table I
In Table I we see the effect that p = 13 is not a 3-fold, so 0.99 resprectively 0.98 is the
highest value, obtained for the partition 13 = 4 + 4 + 5. We also see the effect that for
the ”most equal” partitions in the sense of the concept inequality, namely 9 = 1 + 1 + 7
and 13 = 1 + 1 + 11, the value 0 is not attained. This is as should be, for in both cases
some inequality remains in the form of two deviating individuals. 2
For any measure M taking extreme values Mmax and Mmin one may, of course, consider
M −Mmin
Mmax −Mmin
,
which would give the range [0,1] for the value of the measure. In our case there is no reason
for that. I am inclined to choose HET and I2 as measures for heterogeneity and inequality
respectively.
In Section 1 we considered the similarity concept. In fact, given a population of p
actors, no two are completely alike. Hence the division into categories is definitively an
approximation. Suppose now that SIMk,l describes the similarity of actors k and l, 0 ≤
SIMk,l ≤ 1, then we may consider the sum of the similarities∑
k 6=l,1≤k,l≤p
SIMk,l,
where the p actors of P are considered to be numbered 1 to p. This expression has maximum
value
(
p
2
)
, when all actors are completely alike. The expression
HOM(P ) =
∑
k 6=l,1≤k,l≤p
SIMk,l/
(
p
2
)
then is a measure for homogeneity too. Indeed, let SIMk,l = 1 if k, l ∈ Pi and let SIMk,l =
0 if k and l belong to different categories. As heterogeneity, as measure, is 1 - HOM(P) we
obtain
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HET (P ) =
1−
∑c
i=1
(
pi
2
)(
p
2
) = ∑
i6=j,1≤i,j≤c
pi.pj/
(
p
2
)
,
which is precisely our measure for heterogeneity.
2.3 Inequality at the macro-level for graded parameters
If the categories are determined by a parameter that is graded, like status s or income, we
have subsets Pi of the population, like in the former section, but now the different values
si, e.g. of the status s, contribute to the inequality with respect to that feature. We will
distinguish here between the continuous case and the discrete case.
2.3.1 The Gini-index
One of the first features for which inequality was considered, by Gini [3] in 1923, was
income.
For large p and many categories a discrete approach, although in principle needed, is
less attractive. We consider the continuous case, as was done by Gini. First all incomes
are considered to be added, giving the amount T that is distributed over the population.
If everybody has the same income a fraction α of the population, 0 ≤ α ≤ 1, will earn αT .
Without loss of generality we may put T = 1. In a diagram in which the fraction of T
earned is given as a function of the fraction α of P we get a straight line from (0,0) to (1,1).
If some people have a higher income than others we consider them ordered according to
their income. The fraction α of the population with lowest income will now earn a fraction
g(α) of the total income, where g(α) < α. Of course, for α = 1 the whole available income
is earned. The extent to which the graph of the function g(α) is below the graph of the
function α is now measured by
I = 1−
∫
1
0
g(α)dα∫
1
0
αdα
.
In the following diagram
0
(1,1)1
0
1
α
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the horizontal axis indicates the population fraction α. The vertical axis indicates the
income fraction. The curved line is describing g(α). So the measure is one minus the
quotient of the area below the curved line and the area below the straight line, that
corresponds to strict equality of income. I is the famous Gini-index for the distribution.
The curved line is known as the Lorenz curve. If one person earns everything this curve
has g(α) = 0, for α < 1, and I attains its maximum value 1. The area between the straight
line and the Lorenz curve basically determines the inequality.
2.3.2 The discrete case
The Gini-index can be used for many graded parameters that are continuous or can be
considered to be so by good approximation. We now consider the case that there are again c
categories, with corresponding subsets of size p1, p2, ..., pc, where the ordering of the indices
is now according to that of the values fi of the feature, i.e. the graded parameter. Before
giving the general treatment we discuss a small example.
Example 2
Let c = 4 and let p = 100, p1 = 20, p2 = 30, p3 = 40, p4 = 10, while f1 = 1, f2 = 3, f3 = 6
and f4 = 10. We want to calculate the inequality of this constellation.
In analogy with the reasoning leading to the Gini-index the total attribution F to the
actors is
∑
4
i=1 pifi = 20.1 + 30.3 + 40.6 + 10.10 = 20 + 90 + 240 + 100 = 450. This is the
analogue of the total income T. As p = 100, the average attribution is f = F
p
= 450
100
= 4, 5.
The actors in categories 1 and 2 get attributed less than the average, whereas those in
categories 3 and 4 get more than the average, a situation similar to that for the income
distribution. The problem is to get the analogue of the Lorenz curve g(α). For p1 actors
the attribution is equal, namely f1 = 1. The fraction of attribution is therefore given by
a straight line from (0,0) to ( 20
100
, 20
450
) = ( 2
10
, 2
45
). From α = 0.2 till α = 0.2 + 0.3 = 0.5
the fraction increases according to a straight line from ( 2
10
, 2
45
) to ( 5
10
, 110
450
) = ( 5
10
, 11
45
). The
Lorenz curve is then further given by a straight line from ( 5
10
, 11
45
) to ( 9
10
, 35
45
) and from there
by a straight line to ( 10
10
, 45
45
) = (1, 1), see Figure 1.
We can now mimic the reasoning given in Section 2.3.1.
∫
1
0
αdα = 1
2
,∫
1
0
g(α)dα = 1
2
.0.2. 2
45
+ 0.3. 2
45
+ 1
2
.0.3.11−2
45
+ 0.4.11
45
+ 1
2
.0.4.35−11
45
+ 0.1.35
45
+ 1
2
.0.1.45−35
45
=
2
450
+ 6
450
+ 13 1/2
450
+ 44
450
+ 48
450
+ 35
450
+ 5
450
= 153 1/2
450
≈ 0.34.
We finally get I ≈ 1− 0.34
0.50
= 1− 0.68 = 0.32. 2
The general treatment should now be clear. For c categories we have
c∑
i=1
pi.fi = F = p.f
or
c∑
i=1
pi
p
.
fi
f
= 1
10
11.00.9
35/45
11/45
02/45
(1,1)
α
x
x
x
0.2 0.5
Figure 1: Lorenz curve g(α) for an example discrete case
or
1
f
c∑
i=1
qi.fi = 1,
where we have put pi
p
= qi again and normed the total attribution to 1. The Lorenz curve
g(α) consists of c straight lines, see Example 2. The area below this curve consists of
triangles and rectangles. We obtain
∫
1
0
g(α)dα =
1
2f
c∑
i=1
q2i .fi +
1
f
c−1∑
i=1
qi+1
(
i∑
k=1
qk.fk
)
.
For
∫
1
0
αdα we can either write 1
2
or express the integral in terms of the q’s and f’s as
1
2f
(
c∑
i=1
qi
)(
c∑
i=1
qi.fi
)
.
In the Gini-index
I = 1−
∫
1
0
g(α)dα∫
1
0
αdα
=
∫
1
0
αdα−
∫
1
0
g(α)dα∫
1
0
αdα
we replace the denominator by 1
2
and in the numerator express
∫
1
0
αdα in terms of the q’s
and f’s to obtain
I =
1
f
[
(
c∑
i=1
qi
)(
c∑
i=1
qifi
)
−
c∑
i=1
q2i fi − 2
c∑
i=1
qi+1
(
i∑
k=1
qkfk
)
].
Between the brackets the term
∑c
i=1 q
2
i fi is cancelled, leading to
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I =
1
f
[
c∑
i=1
fiqi
(
c∑
k=1,k 6=i
qk − 2
c∑
k=1,k>i
qk
)
].
A product qiqj, i < j, occurs twice, once with cofactor −fi and once with cofactor +fi.
This then leads to the form
I =
1
f
[
∑
i<j,1≤i,j≤c
qiqj (fj − fi)].
The reader may check the outcome of the example, giving I = 1.43
4.5
≈ 0.32. For equal
values for the f’s we get I = 0, as should be. For c = 2, p1 = p − 1, p2 = 1, f1 = 0
and f2 = F we have the situation that everything is attributed to one actor. Then q1 =
p−1
p
, q2 =
1
p
, f2 − f1 = F and f =
F
p
, leading to I = p−1
p
, which is practically 1 for large
populations.
Blau [1] discusses inequality measures for the discrete case in footnotes 5 and 8 on
pages 57 and 67, for the graded parameter status. He states, quote, ”Inequality is defined
as mean status distance divided by twice the mean status”. If f is the value of the feature
status, the mean status distance is calculated by considering all
(
p
2
)
pairs of actors i and
j, summing the status distances (fj − fi) and dividing by
(
p
2
)
. As within a category the
status distance is zero, this gives a numerator
1(
p
2
) ∑
i<j,1≤i,j≤c
pipj (fj − fi) =
2p
p− 1
∑
i<j,1≤i,j≤c
qiqj (fj − fi) .
With a denominator 2f this leads to
I∗ =
p
p− 1
.
1
f
[
∑
i<j,1≤i,j≤c
qiqj (fj − fi)].
This expression differs from the Gini-index by a factor p
p−1
which, however, for large
populations is practically 1. There are some errors in the formulae given by Blau.
The Gini-index has been studied extensively. However, other measures are easily pro-
duced. Given f , then | f − fi | gives the deviation from the average of category i and one
might consider
I∗∗ =
1
f
c∑
i=1
qi | f − fi | .
For the example we find
1
4.5
[0.2× 3.5 + 0.3× 1.5 + 0.3× 1.5 + 0.1× 5.5] = 2.3
4.5
≈ 0.51,
which should not yet be compared with the outcome 0.32 for the Gini-index. I∗∗ = 0 if all
fi are equal to f . For c = 2, f1 = 0, f2 = F, q1 =
p−1
p
and q2 =
1
p
, the extreme case, we
obtain
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1f
[
p− 1
p
.f +
1
p
(
F − f
)
] =
2p− 2
p
.
This means that the maximum inequality is now almost 2 for large populations. Nor-
mation by dividing by 2 gives
I∗∗ =
1
2f
c∑
i=1
qi | f − fi |,
as an alternative to the Gini-index. For the example we now find ≈ 0.26, in comparison
with 0.32.
3 Integration
Although the concept of integration deserves a much more elaborate treatment, because of
its very important position in discussions nowadays, we should shortly discuss the measure
aspect.
Let us consider a population P in which, by some definition, a minority Pm is present.
PM = P − Pm is the majority that is considered to determine the main structure of the
society < P >, see [6]. We pose the question : To what extent is Pm integrated in P? To
answer this question we may consider the distribution of an ungraded parameter in PM
or the distribution of a graded parameter in PM as reference. The distributions of the
same parameters in Pm are then to be compared with these distributions in PM . If they
are ”the same” we can say that the minority is completely integrated with respect to the
feature considered. For ease of thinking we may keep in mind professions as an unordered
parameter f1 and income as an ordered parameter f2.
3.1 Integration on an ungraded parameter
Let there be c categories in P and let pi,M and pi,m denote the numbers of actors in category
i for the majority and the minority, respectively. As we have remarked before, in Section
2, if a certain profession is carried out by the same percentage of PM and Pm, we consider
Pm to be completely integrated in this single respect. In order to avoid working with
percentages we will multiply all pi,m with a factor
pM
pm
, so that two populations of exactly
the same size are compared. This means that we reduce the discussion to that for the
situation in which the ”minority” is precisely half the population.
The two distributions for f1 may, in one extreme, be identical, i.e. pi,m = pi,M for all
categories i. Our integration measure should have the value 1 in this case. In the other
extreme situation, each category has only actors from one of the two populations Pm and
PM . In that situation the two populations are completely isolated. A measure ISO for
isolation is
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ISO(Pm, PM) =
1
p
c∑
i=1
| pi,M − pi,m | .
For complete isolation either pi,m or pi,M is zero and the sum equals p, hence ISO(Pm.PM) =
0. We define the integration measure INT as
INT (Pm, PM) = 1− ISO(Pm, PM) = 1−
c∑
i=1
| qi,M − qi, m | .
Here we have put qi,M =
pi,M
p
, respectively qi,m =
pi,m
p
.
Example 3
If f1 = profession, we consider a society in which castes are present strictly according
to this feature. Here we cannot speak of isolation or integration of P! The reason is that
we considered a minority Pm with respect to a majority PM , i.e. we made a comparison. If
Pm forms one of the castes, then we find that its isolation is complete. If Pm is a minority,
on some other ground, say religion, then we should compare the distribution of Pm over
the castes of PM with the distribution of PM over these castes. 2
This example makes clear several things. First, we consider integration of a minority
into a society. This implies comparison of distributions. Second, integration clearly is to
be considered for the whole spectrum of features, present in society. Just profession is not
enough. Third, a measure for the integration of P itself is NOT what is considered here.
Of course, a society segmented into strict castes will not easily be called an ”integrated”
society. However, the use of the word integration is inappropriate for the society as a
whole. The measure HOM of equality for an ungraded parameter, dealt with in Section 2,
is to be chosen if no comparison is made between subpopulations of P.
3.2 Integration on a graded parameter
If a minority Pm is compared with a majority PM on a graded parameter f2, like e.g.
income, the grading poses an extra problem. We consider the discrete case first.
Multiplying the populations pi,m with
pM
pm
in order to compensate for difference in size
does not lead to ”the same” distributions as far as the average f2 is concerned. In the
former subsection we equalized the populations of Pm and PM and populations of categories
were all that we considered. Now an important difference may come forward even after
equalizing pm and pM . The average income of the ”minority” may be below that of the
”majority”. That can be considered a major lack of integration. If minority workers on
the average earn 10.000 units per year and majority workers on the average earn 15.000
units per year the minority cannot be called integrated! Note that the income distributions
for Pm and PM may give the same value of the Gini-index, as that is a measure for the
inequality for one specific distribution.
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To say that a minority is integrated on a graded parameter therefore requires at least
two comparisons, one of the average values f2,m and f2,M and one of the inequalities of
the distributions, as measured e.g. by the Gini-index. A very simple measure to consider
would be QA, the quotient of the averages,
QA(Pm, PM) =
f2,m
f2,M
.
This quotient may be larger than 1. A minority may simply be earning more than
the average of the rest of the population. It cannot be called integrated into society, but
probably does not mind, whereas, in case QA < 1, the minority would mind and complain
that it is not integrated. For QA(Pm, PM) we can let the measure have maximum value 1
by taking the largest average as the denominator. All measures considered sofar then take
values in the interval [0,1].
We have a measure taking into account the averages f2,m and f2,M and need a measure
to take into account the two Gini-indices Im(f2) and IM(f2). Again we can consider the
quotient QI(f2, m, M) of indices in a similar way by taking the largest of Im(f2) and IM(f2)
as denominator. The measure for integration on f2 may then be given as
INT (f2, Pm, PM) = QA(Pm, PM).QI(f2, m, M).
Complete integration occurs if both QA abd QI are 1, i.e. if averages are equal and
distributions show the same inequality.
For the description of overall integration we face the problem of combining the outcomes
of measures for many features. Once integration measures INTi are known for all relevant
features, an overall measure can be considered, either by the product
INT =
r∏
i=1
INTi
or by a normed weighted sum
INT =
1
r
r∑
i=1
wiINTi, 0 ≤ wi ≤ 1.
The latter, of course , invokes a discussion on the weights, which boils down to the
question: What are the really important features for integration?
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